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Abstract: We study brane recombination for supersymmetric configurations of in-
tersecting branes in terms of the world-volume field theory. This field theory contains
an impurity, corresponding to the degrees of freedom localized at the intersection.
The Higgs branch, on which the impurity fields condense, consists of vacua for which
the intersection is deformed into a smooth calibrated manifold. We show this explic-
itly using a superspace formalism for which the calibration equations arise naturally
from F- and D-flatness.
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1. Introduction
It is well known that a supersymmetry preserving set of intersecting branes may
merge to form a single brane on a smooth calibrated surface (see [1] for a review).
This is expected to occur via the condensation of world-volume degrees of freedom
localized at the intersection. However, the manner in which the Higgs branch of
the world-volume gauge theory describes smooth calibrated surfaces has not been
studied explicity in much detail. Filling this gap is the aim of this note. We shall
do so using a superspace for which calibrated geometries on the Higgs branch arise
naturally as solutions of F- and D-flatness conditions. The gauge theories which we
write down are suitable for describing both the Coulomb branch on which the branes
are separated and the Higgs branch on which the branes have merged on a calibrated
surface.
These gauge theories contain impurities, given by degrees of freedom constrained
to the lower-dimensional subspace where the branes intersect. It is convenient to
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describe such a field theory by a superspace which spans the space-time directions of
the impurity. This superspace may also be used to described the fields in the ambient
space which are not localized at the impurity. The formalism in which degrees of
freedom in higher dimensions are described in a lower-dimensional superspace was
developed originally in [2, 3] and has been applied to study a number of theories,
including the defect conformal theories which arise for systems of interesecting branes
[4, 5, 6, 7].
In the context of brane intersections preserving eight supercharges, the holomor-
phic curves which arise on the Higgs branch are solutions of the F- and D-flatness
conditions for a superspace which spans the mutual coordinates of the intersection.
For triple (and quadruple) intersections preserving four supercharges, we will find
F- and D-flatness corresponding to special Lagrangian conditions. These conditions
will take the form of the equations of motion of an abelian Chern-Simons theory and
a gauge fixing respectively.
For a particular triple intersection of D6-branes preserving four supercharges, the
Higgs branch solutions of the F- and D-flatness conditions correspond to the union of
a special Lagrangian plane and a holomorphic curve times a line. This configuration
lifts to a G2 manifold in M-theory which shares many features with G2-manifolds
discussed in [8, 9].
There are a number of reasons to be interested in the process of brane recombina-
tion. In the context of intersecting brane-worlds [10, 11, 12, 13], see also [14, 15, 16],
the Higgs mechanism is believed to be realized by brane-recombination [17]. In this
setting intersecting branes merge via open string tachyon condensation. The super-
symmetric triple D6-brane intersection which we will study provides a controlled toy
model with which to explicitly demonstrate the brane-world Higgs mechanism. A
precise treatment of recombination by tachyon condensation has not been given and
would seem to require string field theory, except in certain small angle approximation
[18]. Approximate treatments have been given using effective tachyon field theories
[18, 19, 20, 21]. For the supersymmetric brane recombination which we will describe,
the field theory treatment suffices. Recombination in a supersymmetric case was
also considered in [20]. Another reason to be interested in brane recombination is
that it is closely related (via U-dualities) to processes such as the brane collision in
ekpyrotic [22] or cyclic universes [23]. In this context it is useful to have a description
which allows to study the dynamics of transitions between the Coulomb branch, with
separated branes, and the Higgs branch on which the branes have recombined.
The organization of this paper is as follows. In section 2, we discuss intersecting
pairs of branes which preserve eight supercharges and wrap holomorphic curves on
the Higgs branch. This section reviews and expands upon results in [5]. In section 3,
we consider intersections preserving four supercharges, for which the F and D-flatness
conditions are the the special Lagrangian conditions. We study the particular exam-
ple of three (and four) intersecting D6-branes. Finally, in section 4, we numerically
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Figure 1: Branes touching and the intersection being resolved
compute correlations of fields on the different asymptotic regions of branes which
have recombined into a holomorphic curve xy = c. We find that the correlation
vanishes in the singular limit c→ 0 in which the branes can separate.
2. Holomorphic curves from intersecting branes preserving
eight supercharges
The low energy dynamics of intersecting branes is described by a field theory with
impurities. Some of the earliest studies of such impurity field theories may be found
in [24, 25, 26]. In many instances, this theory is a non-trivial defect conformal field
theory [27, 28, 29, 4, 5, 6, 7]), or dCFT. In this section we review the superspace
description of defect field theories and expand upon some results [5] concerning the
Higgs branch of the dCFT describing intersecting D3-branes. Although the world-
volume of this dCFT is the singular space xy = 0, we will explicitly see that the
classical Higgs branch has a geometric interpretation as the smooth resolution xy = c.
Consider two stacks of D3 branes, one of which spans the directions x0,1,2,3, while
the other spans x0,1,4,5. The two stacks are at the origin in the transverse x6,7,8,9
directions. In addition to the N = 4 gauge theory that lives on each stack of parallel
D3-branes, there are additional massless fields that arise from open strings stretching
between the orthogonal branes. These fields are localized at the 1+1 dimensional
intersection. There is an unbroken (4, 4) supersymmetry which includes translations
in the 0, 1 directions. The (4, 4) algebra is a common subalgebra of the two four-
dimensional N = 4 algebras associated with each parallel stack of D3-branes.
Although the theory contains both two- and four-dimensional degrees of freedom,
one can write the action using a two-dimensional superspace. The degrees of freedom
which propagate in four dimensions are described by superfields with continuous
indices which parameterize the world-volume directions transverse to the intersection.
The directions parallel to the intersection are included in the superspace. In [5] the
action for this theory was constructed using two-dimensional (2, 2) superspace. The
– 3 –
formalism which we will use below is trivially generalized to intersecting D-branes
of other dimensions, such as D5-branes intersecting over four dimensional N = 4
superspace.
The superfields on the first D3-brane are functions of (x0, x1, θ, θ¯; w, w¯). The
superspace is spanned by (x0, x1, θ, θ¯), while w = x2 + ix3 should be thought of as
a continuous index. The necessary (2, 2) superfields are a vector superfield V and
three chiral superfields Φ, Q1, and Q2. While this resembles the four-dimensional
N = 1 superfield content of the N = 4 theory, the component fields are distributed
very differently. The gauge connections A0,1 are contained in V , while A2 + iA3 is
the lowest component of a chiral superfield Φ. This chiral superfield transforms inho-
mogeneously under U(N) gauge transformations with non-trivial dependence on the
index w. Gauge transformations are parameterized by families of chiral superfields Λ
labelled by w, w¯. Two of the six adjoint scalars are contained in V or, equivalently,
the lowest component of a twisted chiral superfield, which (in the abelian case) is
Σ = D¯+D¯−V . The four remaining adjoint scalars comprise the lowest components of
the chiral superfields Q1 and Q2. In (2, 2) superspace, the four-dimensional N = 4
action is
SD3 =
1
g2
∫
d2x d2w d4θtr
(
Σ†Σ+ (∂w + gΦ¯)e
gV (∂w¯ + gΦ)e
−gV
+
∑
i=1,2
e−gV Q¯ie
gVQi
)
+
∫
d2x d2w d2θtr (Q1[∂w¯ + gΦ, Q2]) + c.c. ,
(2.1)
We shall take (2.1) as the action for degrees of freedom propagating on the first
stack of D3-branes. The superfields on the second stack of D3-branes are functions
of (x0, x1, θ, θ¯; y, y¯) where y = x4 + ix5. Their contribution to the action is just like
(2.1) with N → N ′, w → y and primes added to all superfields.
The remaining degrees of freedom are strictly two-dimensional and arise from
strings stretched between the orthogonal stacks of D3-branes. These are described
by two chiral superfields B and B˜ in the (N, N¯ ′) and (N¯, N ′) representations of
U(N)× U(N′). Together these form a (4, 4) hypermultiplet. The part of the action
containing these fields is
SD3−D3′ =
∫
d2xd4θtr
(
e−gV
′
B¯egVB + e−gV ¯˜BegV
′
B˜
)
+
ig
2
∫
d2x d2θtr
(
BB˜Q1 − B˜BQ′1
)
.
(2.2)
From now on, we will not write out the explicit dependence on the coupling constant
g anymore, which is easily reintroduced as it always enters as a prefactor of the V
and Φ superfields.
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The lowest components of Q1 and Σ, as well as their primed counterparts, cor-
respond to adjoint scalars describing fluctuations in the directions x6,7,8,9 transverse
to both stacks of D3-branes. This can be seen by noting that expectations values
for these fields give mass to the defect fields B and B˜. The lowest component of Q2
describes fluctuations of the first stack of D3-branes in the x4,5 directions which are
tangential to the other stack of D3-branes (the D3′ branes). The lowest component
of Q′2 describes fluctuations of the the D3
′-branes in the directions x2,3 tangential to
the D3-branes.
2.1 Supersymmetric solutions: Branches of the moduli space
To determine the supersymmetric vacua, we look for the gauge equivalence classes of
solutions to the D- and F-flatness equations. Earlier investigations of moduli spaces
of theories with impurities appeared in [26, 30]. The vanishing of the F-terms in this
theory requires:
FQ1 = ∂w¯q2 + [φ, q2] + δ
(2)(w)bb˜ = 0 , (2.3)
FQ2 = ∂w¯q1 + [φ, q1] = 0 , (2.4)
FΦ = [q1, q2] , (2.5)
FQ′1 = ∂y¯q
′
2 + [φ
′, q′2] + δ
(2)(y)b˜b = 0 , (2.6)
FQ′2 = ∂y¯q
′
1 + [φ
′, q′1] = 0 , (2.7)
FΦ′ = [q
′
1, q
′
2] , (2.8)
FB = b˜q1δ
(2)(w)− q′1b˜δ(2)(y) = 0 , (2.9)
FB˜ = q1bδ
(2)(w)− bq′1δ(2)(y) = 0 . (2.10)
Throughout this article, we write the scalars which are the lowest components of a
chiral superfield in lower-case. The vanishing of the D-terms requires
D = ∂wφ− ∂w¯φ† + [φ, φ†] + [q1, q†1] + [q2, q†2] + δ(2)(w)(bb† − b˜†b˜) = 0 . (2.11)
In looking for solutions of these equations, we shall take all gauge fields to vanish;
φ = φ′ = 0.
First consider the D-term equation (2.11). Assuming that the q-fields are regular
the coefficient of the δ-function has to vanish. Thus we find
b˜b˜† = b†b, (2.12)
a vev for b always implies a similar vev for b˜.
We can simultaneously diagonalize q1 and q
′
1 at w = 0 since they are acted upon
by different gauge groups. (2.10) then becomes
0 = bi′jq1jj(0)− q′1i′i′(0)bi′j = bi′j(q1jj(0)− q′1i′i′(0)), (2.13)
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where the indices i, j and i′, j′ denote SU(N) and SU(N ′) indices, respectively. (2.13)
is satisfied if bi′j or q1jj(0)− q′1i′i′(0) vanish. The former corresponds to the Coulomb
branch of the gauge theory where the orthogonal branes are seperated, while the
latter corresponds to the Higgs branch. A similar analysis holds for b˜ instead of b.
The fields b and b˜ may only condense on the Higgs branch, where they are massless.
One might worry that the q field in the (2.13) is always evaluated at w = 0 as
required by the δ-function in (2.9) and not at w = q′1. Van Raamsdonk [31] has in-
vestigated this question from a T-dual perspective. He found that in order to remedy
this concern, (2.9) should contain exp(α′q′1∂w) factors. However this exponential is
higher order in α′ and can be neglected to the order we are working at.
Equations (2.5) and (2.8) show that we can simultaneously diagnolize q1, q2 and
q′1, q
′
2. There is no ‘non-commutative’ or ‘fuzzy’ geometry associated with this system
and we can treat all adjoint fields as effectively abelian. The brane recombination
always occurs pairwise. This means for example that one can not simultaneously have
non-zero b11′ and b12′ , which would recombine three branes. Pairwise recombination
is required because of the D-flatness constraint b†b = b˜b˜† and because equations (2.3)
and (2.6) imply that bb˜ and b˜b are diagonal1. Without loss of generality, we will from
now on consider the abelian case, in which one D3-brane intersects one D3′ brane.
Equation (2.4) implies that q1 is a holomorphic function of w, a condition on
the embedding coordinates that is well known to be necessary for a supersymmetric
brane configuration, see for example [32, 33]. The condition (2.3) implies that q2(w)
is holomorphic except at the origin w = 0.
The solution of (2.3) is
q2
q2
y
w
Figure 2: Resolution of intersecting
branes wy = 0 to wy = c on the Higgs
branch.
q2(w) =
bb˜
2πiw
+ h(w) , (2.14)
where h(w) is a holomorphic function of w.
It is easiest to study brane recombination in
the case in which h(w) vanishes, correspond-
ing to boundary conditions q2(w)→ 0 at w →
∞. With boundary conditions at infinity cor-
responding to the original configuration of or-
thogonal intersecting branes, the unique solu-
tion of (2.3) and (2.6) is
q2(w) =
b˜b
2πiw
, q′2(y) =
bb˜
2πiy
. (2.15)
Recall that q2 (q
′
2) describes the transverse fluc-
tuations of the D3-brane (D3′-brane) in the directions y(w) tangential to the D3′-
brane (D3-brane). The geometry of the D3-branes is obtained by making the re-
placements q2 → α′y and q′2 → α′w in (2.15), which can then be collectively written
1This is different from the T-dual system of D0-branes resolving as instantons in D4 branes:
There, each instanton sits in a SU(2) subgroup and thus involves two D4 branes. It might however
be that our system corresponds to the limit of infinte separation of branes of dyonic instantons that
becomes regular after two T-dualities
– 6 –
as
wy =
1
2πi
bb˜α′. (2.16)
In other words the original pair of orthogonal branes now lie on the same holomorphic
curve. Furthermore these branes have merged such that there is actually only one
D3-brane on the holomorphic curve. This follows from the fact that the gauge group
U(1)× U(1) is broken to the diagonal U(1) when bb˜ 6= 0.
There are of course a much broader class of supersymmetric intersections and
holomorphic curves which arise from brane recombination on the Higgs branch. This
includes the the recombination of branes at angles, for which h(y) is linear function
of y[34].
3. Special Lagrangian three-folds and multiple brane inter-
sections
In the previous section, we discussed intersecting D-branes preserving eight super-
symmetries merging into a single holomorphic curve on the Higgs branch. We shall
now consider intersecting configurations which preserve four supercharges and merge
into a special Lagrangian three-fold on the Higgs branch. Specifically, we consider
D6-branes spanning four common Minkowski space directions, while the remaining
three directions are embedded in a Calabi-Yau three-fold.
A special Lagrangian three-fold (see [35] for a review) is a real three-dimensional
surface embedded in a Calabi-Yau three-fold such that
ω|L = ImΩ|L = 0 (3.1)
where ω|L is the restriction of the Ka¨hler form to the surface L, while Ω|L is the
restriction of the holomorphic three-form to L. Such a manifold is calibrated with
respect to Re(Ω) and is volume minimizing in its homology class. The role of the
special Lagrangian conditions as a BPS condition was first discussed in [36], (see
also [37] and references therein). However, the recombination of intersecting branes
into smooth special Lagrangian manifolds has not been explicitly discussed from the
point of view of the world-volume theory.
To study the geometries which arise on the Higgs branch of the world-volume
gauge theory of the intersecting D6-branes, it is most convenient to use a N =
1 superspace in four dimensions, corresponding to the dimensions spanned by the
intersection. Note that our discussion is readily generalized to intersecting branes
of other dimension by T-duality. For intersecting D3-branes, our discussion goes
through almost identically after replacingN = 1, d = 4 superspace withN = 2, d = 1
superspace (which is also associated with four supercharges). We will begin by
studying the action of a stack of parallel D6-branes in a four-dimensional N = 1
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superspace2. It is then easy to construct the action for intersecting configurations
with four common directions and four unbroken supersymmetries.
3.1 7-dimensional maximally supersymmetric SYM in N = 1, D = 4 super-
space
The four dimensional N = 1 superspace representation of the D6-brane action was
constructed in [3] and is related to a construction discussed earlier in [2]. The four-
dimensional N = 1 superfields entering the action have the general form F (xµ, θ, θ¯|~y),
where (xµ, θ, θ¯) spans the four-dimensional superspace, and ~y ∼ (y1, y2, y3) can be
regarded as continuous indices. The necessary degrees of freedom are contained in
three chiral fields ΦI and a vector field V . The action is
S =
1
g2
∫
d3y d4x d2θ tr
[
WαW
α + ǫijk(Φi
∂
∂yj
Φk +
2
3
iΦiΦjΦk)
]∣∣∣∣
θθ
+ c.c. (3.2)
+
1
g2
∫
d3y d4x d4θ trΩ¯ie
VΩie
−V
∣∣∣∣
θθθ¯θ¯
, (3.3)
where the indices i, j, k take values from 1 to 3, and the superfield
Ωi = Φi + e
−V (i∂i − Φ¯i)eV . (3.4)
The scalar fields of the theory consist of seven gauge connections A0,1,2,3,4,5,6 and three
Hermitian adjoint scalars X7,8,9 describing transverse fluctuations of the D6-brane.
These are distributed amongst the four-dimensional N = 1 superfields as follows,
V → A0,1,2,3, Φi → A4,5,6 , X7,8,9 . (3.5)
The combination Ai+3 + iX
i+6 for i = 1, 2, 3 is the lowest component of the chiral
superfield Φi. Gauge transformations are chiral superfields Λ(~x
µ, θ; ~y), which act in
the following way,
eV → eiΛ†eV e−iΛ , (3.6)
i∂i − Φi → eiΛ(i∂i − Φi)e−iΛ . (3.7)
Under these transformations, the superfield Ωi, transforms as
Ωi → eiΛΩie−iΛ . (3.8)
Seven-dimensional Lorentz invariance is not manifest but becomes apparent upon
integrating out auxiliary fields and performing suitable field redefinitions. Note the
resemblance of the superpotential to a Chern-Simons action.
The action we have written is for a D6-brane in flat space, in which we have
taken the SYM approximation of the Dirac-Born-Infeld action. As we shall see
shortly, a consideration of the full Dirac-Born-Infeld action should lead to a modified
D-flatness condition but not a modified F-flatness condition. If the D6-brane wraps
a three-cycle of a Calabi-Yau, the D-terms will be further modified, although the
diffeomorphism invariant Chern-Simons superpotential will not change.
2neglecting couplings to gravity/bulk degrees of freedom
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3.2 Special Lagrangians from F- and D-flatness
Let us now consider the F- and D-flatness conditions for the action (3.2). Hencefor-
ward it is convenient to write X i+6 as X i, Ai+3 as Ai and
∂
∂yi
= ∂i where i = 1, 2, 3.
F-flatness gives ∂W/∂φi = 0, or
DiXj −DjXi = 0 , (3.9)
Fij − [Xi, Xj] = 0 , (3.10)
where Fij is the gauge field strength. The D-flatness condition is
DiXi = 0 . (3.11)
We consider only abelian solutions with Fij = 0, in which case F- and D-flatness
become
∂iXj − ∂jXi = 0 , (3.12)
∂iXi = 0. (3.13)
The solutions of (3.12) and (3.13) determine the embedding of the D6-brane in
C3, which we shall parameterize by the complex coordinates ui ≡ yi + iα′Xi. It is
now easy to show that equations (3.12) and (3.13) are linearized special Lagrangian
conditions3. This can be seen as follows. For C3, the Ka¨hler form is ω = dui ∧ du¯i,
while the holomorphic three-form is Ω = du1∧du2∧du3. Restricted to the embedding
Xi(y
j), the differentials dui satisfy
dui = dyi + iα′
∂Xi
∂yj
dyj . (3.14)
So that the condition for a Lagrangian manifold is just
ω|L = dui ∧ du¯i = 2iα′dyi ∧ dyj ∂iXj = 0 , (3.15)
which is equivalent to F-flatness (3.12). A special Lagrangian manifold satisfies the
additional condition
ImΩ|L =Im du1 ∧ du1 ∧ du3
= dyi ∧ dyj ∧ dyk α′
(
∂iXi + α
′2det(∂iXj)
)
= 0. (3.16)
The determinant in (3.16) is with respect to the matrix indices ij. If we use (3.12),
to write ~X as a gradient of a scalar potential f , then we recognize in 3.16 the three
dimensional version of the special Lagrangian condition 0 = det(Id + Hess(f)) that
3SLAG conditions were also discussed in terms of graphs of functions in [35] and in [38], although
there in a different formalism.
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was discussed in [35]. Up to the determinant term, (3.16) agrees with the D-flatness
condition (3.13). We assume that the determinant arises from the D-flatness condi-
tion for the full Dirac-Born-Infeld Lagrangian. Unfortunately, the supersymmetric
versions of Dirac-Born-Infeld actions are quite involved and the known superspace
descriptions [39] do not include scalar fields.
In the special case in which det(∂iXj) vanishes, the solutions of the F- and D-
flatness equations are shared by the SYM and DBI actions. This is similar to the
case of the BIon for which certain solutions are shared among Yang-Mills and Born-
Infeld theories as the non-linear terms of the Born-Infeld field equation vanish for
them [40, 41]. We find such a situation for the Higgs branch of a triple D6-brane
intersection. The special Lagrangians which arise in this case are the product of a
holomorphic curve with a line, for which the determinant vanishes.
Note that if one were to view Xi as a gauge field, (3.15) and (3.16) would require
this gauge field to be a flat connection in a particular non-linear gauge. This is a very
special gauge condition in the following sense. The SU(3) invariance of the conditions
(3.15) and (3.16) means that one can exchange coordinates with “gauge” fields such
that connections remain flat and the form of the gauge condition is unchanged.
3.3 Knots, non-compact three-cycles, and resolved SLAG intersections
The F- and D-flatness equations,
∂iXj − ∂jXi = 0 , (3.17)
∂iXi + α
′2det(∂iXj) = 0 , (3.18)
have solutions which can be interpreted as flat connections subject to a particular
gauge condition. From the example of the double intersection discussed in section
2, we expect that it is also necessary to include delta function sources in these
equations when considering the recombination of intersecting branes. In particular,
the flat connection condition is overly restrictive, as can be seen in the following
example.
Consider a special Lagrangian three-cycle C×R where C is the holomorphic curve
w = c/v, with c real and
w ≡ X2 + iX1 , v = y1 + iy2 X3 = 0 . (3.19)
Since ∂v¯w = 2πicδ
2(v), it follows that
∂1X2 − ∂2X1 = 2πc δ2(y1, y2) , ∂2X3 − ∂3X2 = ∂1X3 − ∂3X1 = 0 , (3.20)
∂1X1 + ∂2X2 = 0. (3.21)
From the point of view of the D6-brane world-volume theory, the first set of conditions
(3.20) arises from a modification of the (abelian) Chern-Simons superpotential which
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includes a holomorphic Wilson line:
W =
∫
Σ3
φdφ+ i2πc
∫
y1=y2=0
dy3φ3 , (3.22)
while the D-term is unchanged. In the limit c → 0 one obtains an intersection of
complex planes wv = 0 times a line.
One can also include a more general holomorphic Wilson line in the superpoten-
tial
W =
∫
Σ3
φdφ+ ic2π
∫
Σ1
φ , (3.23)
where Σ1 is an arbitrary closed or infinite path ~y
i(s). The real part of the F-term
is not modified by the Wilson line, such that F-flatness still requires a flat gauge
connection. However the imaginary part of the F-term is corrected by a term with
delta function support on Σ1;
ImFΦk = ǫijk(∂iXj − ∂jXi)− Jk = 0, (3.24)
where
Jk =
∫
dsδ3(~y − ~y(s))dy
k(s)
ds
. (3.25)
The solutions of (3.24) belong to a class of non-compact Lagrangian manifolds4
associated with the path Σ1.
In the context of the deformed conifold T ∗(S3), the existence of a Lagrangian
manifold passing through every knot in S3 was pointed out in [42]. With a different
motivation in mind, the authors of [42] considered topological open strings in the
background of a D6-brane wrapping Σ3 = S
3 and a D6-brane on a non-compact
Lagrangian manifold intersecting S3 over a knot Σ1. The solutions of (3.24) in this
setting correspond to a recombination of these D6-branes into a single D6-brane on
a smooth Lagrangian manifold. For topological strings one does not consider the
D-flatness condition.
For non-topological strings, one must also consider D-flatness, which leads to a
special Lagrangian manifold. Although the D-term only takes the form (3.21) on C3,
we expect it still plays a role analogous to a gauge fixing for a non-trivial Calabi-Yau
manifold.
For the case of C3, solutions of (3.24) and (3.21) are smooth non-compact special
Lagrangian manifolds which should reduce to an intersection in the limit c→ 0. As
noted above D-flatness can be regarded as a gauge fixing. There may be interesting
4Despite the delta function the Lagrangian condition ω|L = 0 holds at any finite point on the
(non-compact) curve which is a solution of the F-flatness equation.
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non-perturbative effects such as Gribov ambiguities. However a unique perturbative
expansion can be found if the path yi(s) is almost straight over distances of order√
α′ and suitable boundary conditions are imposed at infinity. The perturbative
expansion in α′ is obtained by writing
~X =
∑
n=0
~X(n)α
′2 (3.26)
and solving
~∇× ~X(0) = ~J, ~∇ · ~X(0) = 0 ,
~∇× ~X(n>0) = 0, ~∇ · ~X(n>0) = det(~∇⊗ ~X(n−1)). (3.27)
The physical origin of the Wilson line in the effective superpotential (3.23) is
the condensation of degrees of freedom localized at the intersection of the brane we
have been discussing and another brane which meets it over the common superspace
directions and the path Σ1 : y(s). Since the coordinate s is transverse to the su-
perspace, kinetic terms in this direction should arise from a superpotential. For the
degrees of freedom at the intersection, this superpotential takes the form
Wimpurity =
∫
dsB(s)
(
∂s − i (Φi(~y(s))− Φ′i(~y(s)))
dxi
ds
)
B˜(s) , (3.28)
analogous to (2.2). Here B(s) and B˜(s) are an infinite class of chiral superfields
labelled by s which describe the degrees of freedom at the intersection. B is in the
bifundamental representation of the gauge group on the two D6-branes, while B˜ is in
the conjugate representation. The chiral superfield Φ′i is the counterpart of Φi on the
second D6-brane. A similar expression also appeared in [42]. Note that integrating
out F-terms for B and B˜ gives bosonic kinetic terms in the s direction. The effective
superpotential (3.23) arises if the impurity fields B and B˜ condense, i.e. if 〈bb˜〉 = c
where b, b˜ are the lowest components of B, B˜. F-flatness now gives
FΦi = 0 = ǫijk(∂jφk − ∂kφj)−
∫
dsδ3(~y − ~y(s))dy
i(s)
ds
b˜(s)b(s) . (3.29)
Note that ∂iFΦi = 0 implies ∂sb(s)b˜(s) = 0. Recalling that φi = Ai + iXi, solutions
of (3.29) with vanishing gauge fields Ai require bb˜ to be real.
There is also a Ka¨hler potential for the degrees of freedom at the intersection,
which, at least in the α′ → 0 limit, is of the form∫
ds
√
gss(B¯(s)e
V (~y(s))B(s)e−V
′(~y(s)) + ¯˜B(s)e−V (~y(s))B˜(s)eV
′(~y(s))). (3.30)
The D-flatness condition is modified by the Ka¨hler term to become
i∂iXi +
∫
ds
√
gssδ
3(~y − ~y(s))(b∗b− b˜∗b˜) = 0 . (3.31)
– 12 –
The new condition arising from this is the real part b∗b− b˜∗b˜ = 0, which we assume
is unaltered when considering the full Dirac-Born-Infeld action.
The vanishing of the F-terms for B˜ and B requires
FB˜ =
(
∂s − i (φi(~y(s))− φ′i(~y(s)))
dyi(s)
ds
)
b˜
=
(
∂s + i (φi(~y(s))− φ′i(~y(s)))
dyi(s)
ds
)
b = 0 . (3.32)
A similar equation applies for b˜. Since bb˜ is real and independant of s, and |b| = |b˜|,
we can write b =
√
c exp(iθ(s)), b˜ =
√
c exp(−iθ(s)). For solutions with vanishing
gauge field, the real and imaginary parts of (3.32) imply that ∂s(θ(s)) = 0 and
(Xi(~y(s))−X ′i(~y(s)))
dyi(s)
ds
√
c = 0. (3.33)
This equation distinguishes between the Coulomb branch for which c = 0 and the
branes can separate, and the Higgs branch for which
(Xi(~y(s))−X ′i(~y(s)))
dyi(s)
ds
= 0. (3.34)
On the Higgs branch, the solutions of the F- and D-flatness conditions correspond
to the recombination of the intersecting D6-branes into a smooth special Lagrangian
manifold. Note that the formalism we have been using generalizes trivially to inter-
sections of branes of other dimensions which also preserve four supercharges. The
one-dimensional N = 2 superspace action for D3-branes is just a dimensional reduc-
tion of (2.1) in which d4x→ dt.
3.4 Triple and quadruple intersections of branes preserving four super-
charges
We now consider a configuration of D6-branes in flat space which intersect over three
common spatial directions and preserve four supersymmetries. Writing the D6-brane
action in a four-dimensional N = 1 superspace as in (3.2) greatly facilitates the
construction of the action for this type of intersection. Once we have constructed
the action for the intersection we examine the geometry which arises on the Higgs
branch. In this case, the special Lagrangians which we obtain are holomorphic curves
times a line.
The D6-brane orientations which we consider are summarized in the following
table.
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0 1 2 3 4 5 6 7 8 9
z0 z1 z2 z3 y14 y24 y34 y23 y31 y12
1 × × × × × × ×
2 × × × × × × ×
3 × × × × × × ×
4 × × × × × × ×
The×’s indicate a direction in which the D6-brane is extended. If there are D6-branes
in three or all four of these orientations, then four supersymmetries are unbroken.
We shall focus on the case in which there are D6-branes in the first three orientations,
in which case it will still be convenient to use the above notation. The directions
z0,1,2,3 belong to the four dimensional superspace. It is convenient to label the six
coordinates transverse to the superspace by xAB where A 6= B, A and B run from 1
to 4, and there is no distinction between yAB and yBA. The Ath stack of branes then
extends in the directions yAB for three values of B. For example stack two extends
in y12, y23 and y24 while it is localized in y13, y14, and y34.
Associated to the D6-brane of the A’th orientation is a vector multiplet VA and
three chiral multiplets ΦAB where B 6= A. The lowest component of ΦAB contains
the gauge connection in the yAB direction and the scalar that describes the position
in direction yCD, where none of the labels A,B,C or D are equal. Note that this is
also the one direction in which neither brane A nor brane B are extended.
In this notation, the action for a D6-brane in the A’th orientation is
SA =
1
g2
∫
d4z d4θ
∏
E
dyAE
∑
B 6=A
tr
(
e−VAΩ¯ABe
VAΩAB
)
+
1
g2
∫
d4z d2θ
∏
E
dyAE
∑
BCD
ǫABCDtr
(
ΦAB∂ACΦ
A
D + i
2
3
ΦABΦ
A
CΦ
A
D
)
+ c.c. ,
(3.35)
where
ΩAB ≡ ΦAB + e−VA(i∂AB − Φ¯AB)eVA . (3.36)
The action is invariant under the gauge transformations
(i∂AB − ΦAB) −→ eiΛA(i∂AB − ΦAB)e−iΛA ,
eVA −→ eiΛ†AeVAe−iΛA .
(3.37)
There are also additional fields that live at the intersection of pairs of branes with
different orientations. These degrees of freedom are chiral superfields BAB, where
BAB and BBA are not equivalent. Under gauge transformations
BAB → eiΛABABe−iΛB , BBA → eiΛBBBAe−iΛA . (3.38)
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The fields BAB depend on the parameter yAB in addition to superspace coordinates
shared by all the branes. The action contains the terms
SAB =
1
g2
∫
d4z d4θ dyAB tr
(
e−VBB¯ABe
VABAB + e
−VAB¯BAe
VBBBA
)
+
1
g2
∫
d4z d2θ dyAB tr
(
BBA∂ABBAB + iBBAΦ
A
BBAB − iΦBABBABAB
)
+ c.c.
(3.39)
The kinetic terms in the yAB direction come from the the superpotential rather than
the Ka¨hler potential.
Note that the term SA+SB+SAB is fixed by the requirement that it be the action
for a double intersection which preserves eight supercharges. Upon compactifying
z2, z3 and yAB, one must have the action of the double D3-intersection discussed in
section 2 (after integrating out auxiliary fields and performing some field redefini-
tions). Since we consider D6-branes in three or four of the orientations in table (3.4)
there may also be a term in the superpotential involving the twist fields of more than
one pair of branes. This term is not fixed by any symmetry, and must be obtained
from a string scattering calculation. Since three or more D6-branes intersect over
four dimensions, this term is defined only on the superspace coordinates. For the
triple intersection, the general form of such a term is
SABC =
1
g2
∑
n
γn
∫
d4z d2θ Bn (3.40)
where Bn is shorthand for a gauge invariant product of n twist fields in which all three
brane indices are represented. As in the case of D3-branes, the B’s are dimensionless5.
Thus γn are numbers which must be determined from a string scattering computation.
The simplest possible term in (3.40) is BABBBCBCA The coefficient γ3. would most
easily read of as the strength of a Yukawa coupling between three twist fields. This
calculation has been performed in [43, 44, 45] and γ3 is implicit in those results. As
long as it does not vanish, the precise numerical value of γ3 is not important for
our purposes. For the quadruple action there may also be terms SABCD in which all
four brane-indices are represented. The complete action for the system of intersecting
branes is the sum of all these single, double, triple and possibly quadruple intersection
actions:
S =
∑
A
SA +
∑
AB
SAB +
∑
ABC
SABC + SABCD . (3.41)
4. F- and D-flatness for the triple intersection
We now look for the solutions of the F- and D-flatness equations to see what geo-
metrical configurations arises when the twist fields condense. Let us first consider
5The dimension of g is [g] = −3/2 as appropriate for the Yang-Mills coupling in seven dimensions.
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the vanishing of the F-term for ΦAB:
0 = FΦAB =
∑
CD
ǫABCD(∂ACφ
A
D + iφ
A
Cφ
A
D) + iδ
2(yAE)
∣∣
E 6=B
bABbBA . (4.1)
As before, we are interested only in solutions in which the gauge connections vanish.
Thus all the φ’s are anti-hermitian, and we shall write ΦAB = iX
A
B . Considering the
Hermitian part of (4.1) gives
∑
CD
ǫABCD[X
A
C , X
A
D] = δ
2(yAE)
∣∣
E 6=B
(bABbBA − b†BAb†AB) . (4.2)
As long as the X ′s are regular, the left and right hand side of (4.2) must vanish
separately. This precludes a non-commutative geometry, and we will henceforward
just consider abelian equations. The anti-Hermitian part of (4.1) gives
∑
CD
ǫABCD∂ACX
A
D = (bABbBA + b
†
BAb
†
AB)δ
2(yAE)|E 6=B . (4.3)
which is a special case of (3.24). Regarding X as a magnetic field, equation (4.3)
can be viewed as a magnetostatics equation ~∇ × ~B = ~J . For the case of the triple
intersection, there are two orthogonal lines of current as the index B in (4.3) can take
two possible values. Current conservation then requires that ∂AB(bABbBA) vanishes
(where there is no sum on any of the indices). We therefore look for solutions for
which bABbBA is constant.
Next consider the vanishing of the D-term, which in the abelian case is:
0 = DVA
=
∑
B 6=A
∂AB(φ
A
B − φ¯AB) +
∑
BCD
ǫABCDδ(yAC)δ(yAD)
(
bABb
†
AB − b†BAbBA
)
. (4.4)
Considering the real and imaginary parts of (4.4) separately gives
bABb
†
AB − b†BAbBA = 0 (4.5)
and
∑
B
∂ABX
A
B = 0 , (4.6)
which corresponds to (3.18) if detBC∂ABX
A
C = 0.
Finally consider the F-term for the twist fields:
0 = FBAB = ∂ABbBA + iφ
A
BbBA − ibBAφBA + δ(yAB)∂WL
∂bAB
. (4.7)
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In light of the previous F- and D-flatness conditions, we can write bAB = cABe
iθAB(yAB)
and bBA = cABe
−iθAB(yAB). Taking φAB = iX
A
B , (4.7) becomes
icAB∂ABθAB(yAB)− (XAB −XBA )cAB + e−iθAB(yAB)
∂WL
∂bAB
δ(yAB) = 0 , (4.8)
where WL is the part of the superpotential localized at the point which where all the
branes intersect, SABC ∼
∫
WL. Solutions for which X is regular (describes a smooth
surface) and ∂ABθAB = 0 require
∂WL
∂bAB
= 0 , (4.9)
(XAB −XBA )cAB = 0 . (4.10)
Solutions of equation (4.10) distinguish between the Coulomb branch with cAB = 0
and the Higgs branch with XAB − XBA = 0. If one had only the lowest order term,
WL ∼ γ3BABBBCBCD, (4.9) would require bAB to vanish for all but one pair of
indices A and B. We have no reason to exclude higher order terms in WL, however
it is easy to see that a vanishing bAB for all but one pair of indices A and B remains
a solution of (4.9). This is because WL must involve all three indices, since terms
with just one pair of indices would live in five rather than four dimensions. Actually,
gauge invariance requires each index to appear at least twice. New solutions will
in general exist in the presence of higher order terms. However, for a canonical
normalization of the B fields, such that the two point function is independent of g
in the weak coupling limit, the extra solutions approach infinity in field space in the
weak coupling limit. We will not consider such solutions here.
When the bAB condense for one pairing of indices, two branes recombine on
the Higgs branch while the third is not deformed. The same configuration was
also obtained by Lambert [46] using a supersymmetry condition arising from bulk
supergravity. For the branes which recombine, (4.6) and (4.3) have the structure
~∇× ~X(~y) = c2δ2(y1, y2) and ~∇ · ~X(~y) = 0, whose solution6 is
X3 = 0, X2 + iX1 =
c2
y1 + iy2
. (4.11)
This corresponds to a holomorphic curve Σ constrained to lie in the X3 = 0 plane,
times a line parametrized by the coordinate y3. Furthermore the third D6 brane
remains flat. To be more specific, consider the case in which b12 and b21 condense.
We then have the following solution for each of the three orthogonal branes:
X12 = 0, X
1
3 + iX
1
4 =
c
y14 + iy31
, (4.12)
X21 = 0, X
2
3 + iX
2
4 =
c
y24 + iy23
, (4.13)
X31 = X
3
2 = X
3
4 = 0. (4.14)
6This solution is unique if one imposes boundary conditions such that calibrated surface is the
asymptotically the same as the original intersection.
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The X fields are identified with fluctuations in a particular direction as
X12 ∼ y34, X13 ∼ y24, X14 ∼ y23 ,
X21 ∼ y34, X23 ∼ y14, X24 ∼ y31 ,
X31 ∼ y24, X32 ∼ y14, X34 ∼ y12 .
(4.15)
Thus (4.12) and (4.13) describe a holomorphic curve times a line, while (4.14) is a
special Lagrangian plane. Altogether, we may write the special Lagrangian manifold
L as
L = {y34 = 0, (y24 + iy23)(y14 + iy31) = c } ∪ {y14 = y24 = y12 = 0} , (4.16)
which corresponds to
L ≃ Σ× R ∪ R3 (4.17)
It is instructive to compare this result with the analysis of Gukov and Tong [9],
who use D6 brane intersections in order to construct manifolds of G2 holonomy in
M-theory. For a configuration of three D6 branes intersecting at angles of 2π/3 they
find a very similar structure to (4.17). Here we obtain this structure from F- and
D-flatness in the world-volume gauge theory.
The Higgs branch of the triple intersection provides a controlled setting to illus-
trate the Higgs mechanism which is expected to occur in intersecting brane construc-
tions containing the Standard Model [10, 11, 12]. Typically, there one has (besides
the brane that yields the hyper-charge) three stacks of branes whose gauge groups one
identifies with the left handed SU(2) and right handed U(1) and the color SU(3).
The fields at the intersections of the two electro-weak stacks are the Higgs fields
whereas the quarks live at the other two intersections as they are in the bifunda-
mental of the color and the electroweak symmetry group. In this context the Higgs
is tachyonic. Unlike the supersymmetric brane recombination we have described,
a precise treatment of brane recombination in the intersecting brane-world models
is lacking and would seem to require string field theory, although some interesting
effective field theory descriptions have been proposed [18, 20, 19, 47]. Upon con-
densation of the Higgs field, the two “electro-weak” branes resolve into one giving a
diagonal subgroup after chiral symmetry breaking. The stacks corresponding to the
left- and right-handed weak gauge groups do not intersect anymore with the stack
of the color gauge group (as we found above: we can only give one B a vev as this
renders the others massive), making the quarks that stretch between the color and
the weak stacks massive.
5. Scattering between recombined branes
We now change gears somewhat and, returning to the case of a D3-brane on the
holomorphic curve wy = c, compute the transmission amplitude for a particle at
x→∞ to reach y →∞.
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This is similar to a calculation performed in [48] for the BIon [40]. We will find
that the transmission approaches 1 for c→∞ and vanishes for c→ 0. This result is
consistent with the expectation that the D3-brane on the holomorphic curve becomes
two separate orthogonal branes at the point c = 0.
To compute the transmission amplitude we will study the two-point function
or propagator of light fields living on the resolved brane intersection. Consider the
massless wave equation with respect of the induced metric on the brane. The 2-point
function will obey this covariant wave equation:
0 = gψ (5.1)
where g is the d’Alambertian corresponding to the metric that is pulled back to the
curve wy = c. After a rotation in the w and y planes we can assume that c is real
and non-negative. We write y = u+ iv and w = r eiφ and find
ds2 = dr2 + r2dφ2 + du2 + dv2
=
(
1 +
c2
r4
)
(dr2 + r2dφ2).
(5.2)
We see that this metric has the expected asymptotics: For large r the prefactor
trivializes and we have a flat two-dimensional metric. For r → 0, the prefactor
becomes c2/r4 and after a change of variables u =
√
c/r again we have a flat metric.
The two-point function from r = ∞ to r = 0 tells us how much of a wave
that comes from infinity on the horizontal branch of the brane is transmitted to the
vertical branch of the brane. This problem is like a quantum mechanical scattering
problem, associated with which is a concerved current
j = ψ¯dψ − ψdψ¯, d ∗ j = 0. (5.3)
Unfortunately, we do not have an analytic solution to the wave equation in the
above metric. So we have to resort to numerical methods. However, in the asymptotic
regions r → ∞ and r → 0 the radial wave equation in flat space can be solved in
terms of Hankel functions H±. For concreteness we consider the S-wave for which
ψ is only a function of r. The case of non-trivial φ-dependence of can be treated
similarly.
At large r, every solution to the wave equation has the form
ψ(r) = AH+(r) +BH−(r), H±(r)→
√
1
r
e±ir. (5.4)
A is the coefficient for the outgoing wave, B correspondingly for the ingoing one.
Accordingly the current is
jr = 2riH+(r)H−(r)(|A|2 − |B|2)dr. (5.5)
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For r → 0 we have similarly
ψ(r) = ah+(r) + bh−(r), h±(r) = H±
(c
r
)
(5.6)
and
j = −ic
r
h+(r)h−(r)(|a|2 − |b|2)dr. (5.7)
Now we start with initial values for large r that correspond to B = 0 and integrate
the full equation numerically using mathematica. At small r we fit this numeric
solution to the form (5.6) and read of the coefficients a and b. By equating the two
asymptotic expressions for the current jr, which satisfies ∂rjr = 0 we find
1 =
r2H+(r)H−(r)
ch+(r)h−(r)
|A|2
|a|2 +
|b|2
|a|2 . (5.8)
The first term is the coefficient of transmission, the second one the coefficient of
reflection. Figure 3 shows the transmission plotted against the value of b˜b:
-3 -2 -1 1 log b
b
0.2
0.4
0.6
0.8
1
Transmission
Figure 3: Transmission for different values of the deformation log c
For small values of c the transmission vanishes. That is, in the limit of two
branes intersecting on a line the degrees of freedom on the two branes decouple. On
the other hand, for large c, when the intersection is deformed away, the transmission
approaches 1 and there is really only one brane left and the degrees of freedom in
the horizontal and vertical asymptotic regions are connected as one would expect it
for a single brane.
6. Conclusions
In this note we have given a few examples in which calibration equations arise as
solutions of F and D-flatness conditions when the action for a brane is written in
terms of a lower dimensional superspace. In fact this result is quite general and
should include various calibration conditions which we have not mentioned here.
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The lower dimensional superspace formalism is particularly useful to write the
action for intersecting branes, as it facilitates writing the couplings between ambient
fields and the twist fields localized at the intersections. We have explicitly shown
how intersecting branes recombine into smooth calibrated manifolds when the twist
fields condense on the Higgs branch.
In the case of special Lagrangian manifolds, the Yang Mills description suffices
to give the Lagrangian condition, arising from the F-term in the appropriate lower
dimensional superspace. A linearized special-Lagrangian condition arises when D-
flatness is also considered. The non-linear terms vanish for the special case of a
holomorphic curve times a line, which we have shown to arise on the Higgs branch of
the gauge theory describing a triple intersection of D-branes. It would be interesting
to obtain the full non-linear special Lagrangian condition from a D-flatness condition
in supersymmetric version of the Dirac-Born-Infeld theory.
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